Abstract. We provide easily-verified necessary and sufficient conditions for a skew group ring, or more generally, a crossed product ring, to be an Azumaya algebra. We use our results to show that (suitable localisations of) skew group rings associated to the quantum Kleinian singularities introduced in [CKWZ16a] are Azumaya, and use this to show that these algebras are maximal orders. We also give a new proof of Auslander's Theorem for quantum Kleinian singularities.
Introduction
Throughout, let k be an algebraically closed field of characteristic zero. In spite of the vast literature on Azumaya algebras and skew group algebras, given a specific Azumaya k-algebra A and an action by a finite group G, there is no known simple geometric criterion for the action of G on A which ensures that A#G is Azumaya. While necessary and sufficient conditions for a skew group ring, or more generally a crossed product ring, to be Azumaya are given in [AS95, Car05, PS10] , these are often quite difficult to apply even in relatively basic examples. Additionally, some of the existing results in the literature require ambient hypotheses on both A and the action of G which are frequently not satisfied for specific skew group algebras which may be of interest. In particular, these hypotheses do not hold for a number of the quantum Kleinian singularities (defined in Section 2) that were the original motivation for our work. One of the main purposes of this article is to provide easily-verified necessary and sufficient conditions for a skew group ring or crossed product ring to be Azumaya. Our first result considers crossed product rings where the action is X-outer: Theorem 1.1 (Theorem 3.3). Consider a crossed product T := A * G, where A is a prime noetherian k-algebra and where G is a finite group. Suppose that the action of G on A is
X-outer, and that G acts as a group of k-linear automorphisms on Z(A). Then T is prime noetherian. Moreover, T is Azumaya if and only if
(1) A is Azumaya; and (2) G acts freely on Z(A); that is, the stabiliser of every maximal ideal of Z(A) is trivial. If T is Azumaya, then the rank of T over its centre satisfies rank T = |G| 2 rank A.
If A is commutative and T is a skew group ring, this can be stated more concisely as follows:
Corollary 1.2. Consider a skew group ring T := A#G, where A is a commutative noetherian kalgebra which is a domain and where G is a finite group. Then T is prime noetherian. Moreover, T is Azumaya if and only if G acts freely on
A, and in this case, rank T = |G| 2 .
In our second main result, we consider the case of a skew group ring A#G where a cyclic group G acts by inner automorphisms:
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Theorem 1.3 (Theorem 4.2). Let A be a prime k-algebra and let G be a cyclic group acting inner on A. Suppose also that T = A#G is prime. Then A is Azumaya if and only if T is Azumaya, and in this case they have the same rank over their centres.
Our main application of these results is to quantum Kleinian singularities, which were introduced in [CKWZ16a] and which we now briefly describe.
In [CKWZ14] , the authors classified all pairs (A, G) where A is an AS-regular algebra of global dimension 2, and G is a finite group acting faithfully on A and with trivial homological determinant. These conditions ensure that these actions can be thought of as noncommutative analogues of the action of a finite subgroup of SL(2, k) on k [u, v] . Table 1 in Section 2 lists all of the possibilities for the pairs (A, G). Following [CKWZ16a] , we refer to the invariant rings A G as quantum Kleinian singularities. It is natural to ask to what extent the results of the classical McKay correspondence for Kleinian singularities hold in the quantum setting. One such classical result is Auslander's Theorem, which says that if G is a finite subgroup of SL(2, k) acting on R = k [u, v] , then there is a natural graded isomorphism End R G (R) ∼ = R #G. An analogue of Auslander's Theorem was shown to hold for quantum Kleinian singularities in [CKWZ16a] , and quantum analogues of other results in the classical McKay correspondence have been established in [CKWZ16b] .
Our original motivation was to generalise other results for Kleinian singularities to the quantum setting, namely those found in [CBH98] . A relatively innocuous result in [loc. cit.] is that (a deformation of) the skew group ring k [u, v] #G, where G is a finite subgroup of SL(2, k), is a maximal order. In the classical setting considered in [loc. cit.], this result follows quickly from results in the literature, but the analogous result in the quantum setting is more difficult to establish. Our approach involves showing that suitable localisations of the skew group ring A#G are Azumaya, and this necessitated proving Theorems 1.1 and 1.3. Using this fact, we prove the following: Finally, as a corollary we give a new proof of Auslander's Theorem for quantum Kleinian singularities, which was established in [CKWZ16a] using very different methods. We remark that our approach also allows one to establish a similar result for deformations of A#G and A G , which is not the case using the techniques of [CKWZ16a] .
Theorem 1.5 (Theorem 7.3). Suppose that A G is a quantum Kleinian singularity. Then
End A G (A) ∼ = A#G.
1.1. Organisation of this paper. In Section 2, we recall some basic definitions and facts, and we also fix our notation. In Sections 3 and 4, we prove Theorems 1.1 and 1.3, and provide some examples demonstrating the necessity of our hypotheses. Section 5 shows that, for particular quantum Kleinain singularities A G , suitable localisations of the skew group rings A#G are Azumaya. Finally, in Sections 6 and 7 we prove Theorems 1.4 and 1.5.
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Preliminaries
We now recall some definitions and results that will be used throughout this paper, and we provide the classification of quantum Kleinian singularities outlined in the introduction. In this section, R will denote an arbitrary ring.
2.1. Definitions, notation, and basic results. We fix an algebraically closed field k of characteristic 0 throughout this paper. We write mod-R (respectively, R-mod) for the category of finitely generated right (respectively, left) R-modules; we shall work with right R-modules unless stated otherwise. When we speak of a noetherian ring, we mean a ring which is both right and left noetherian.
Let A be a ring with centre Z. There is a natural map
We say that A is an Azumaya algebra (over its centre Z) if A is a finitely generated projective Z-module and θ : A ⊗ Z A op → End Z (A) is an isomorphism. Closely related is the notion of a separable extension. Given an extension of rings R ⊆ S, S is said to be a separable extension of R if there exists an element
We can then characterise an Azumaya algebra as being a ring which is separable over its centre.
Clearly any commutative ring is Azumaya, and the same is true of any matrix ring over a commutative ring [MR01, Proposition 13.7.7]. For another example, let q ∈ k × and consider the quantum torus
, which is the algebra with generators u ±1 and v ±1 subject to the relation vu = quv. If q is a root of unity, then this algebra is Azumaya [BG12, Example III.1.4]. We will frequently make use of the fact that the localisation of an Azumaya algebra at an Ore set consisting of central elements is again Azumaya.
By [BG12, III.1.4], if A is a prime Azumaya algebra, then n 2 := dim Z/m (A/mA) is constant as m varies over maximal ideals of Z, and this value is necessarily square. In this case, we say that A has rank n 2 (over its centre). An important result in Azumaya theory is the Artin-Procesi Theorem, which characterises prime Azumaya algebras in terms of polynomial identities, and in particular in terms of the PI (polynomial identity) degree of factors of the algebra. Any undefined terms in what follows can be found in [BG12, Appendix I.13].
Theorem 2.1 (Artin-Procesi). Suppose that R is a prime ring with centre Z. Then the following are equivalent:
(1) R is an Azumaya algebra of rank d 2 ; (2) R is a PI ring of PI degree d and PIdeg R/P = d for all P ∈ Spec R; and (3) R is a PI ring of PI degree d and
By combining the Artin-Procesi Theorem with results in the literature, one obtains the following characterisation of an Azumaya algebra which we will use throughout this paper.
Lemma 2.2. Suppose that R is a prime k-algebra which is finite over its centre Z (hence PI) and of PI degree d. Then R is an Azumaya algebra of rank
Proof. (⇒) First suppose that R is Azumaya of rank d 2 and consider m ∈ MaxSpec Z. By [MR01, Proposition 13.7.9], mR is a maximal ideal of R, and so PIdeg R/mR = d by the Artin-Procesi Theorem. By [BG12, Theorem III.1.6], it follows that R/mR ∼ = M d (k).
(⇐) Now let M be a maximal ideal of R, and set m = M ∩ Z, which is a maximal ideal of Z. Then M/mR is a proper ideal of the ring R/mR, which is isomorphic to M d (k) by hypothesis. Since this is a simple ring we must have M/mR = 0, and so M = mR. In particular, PIdeg R/M = d, and so by the Artin-Procesi Theorem, R is an Azumaya algebra of rank d 2 .
Let G be a group acting (on the left) on a ring R. The skew group ring R #G is then the free left R-module with the elements of G as a basis, with multiplication extended linearly from the rule (rg)(sh) = r(g · s)gh for r, s ∈ R, g, h, ∈ G, where g · s is the image of s under the action of g.
The notion of a crossed product is a generalisation of the skew group ring construction. Suppose that R is a ring and G is a group. Then a crossed product R * G of R by G is a ring containing a copy of R and a set of units G = {g | g ∈ G} which is in bijection with G, such that:
(1) R * G is a free left R-module with basis G, and where e = 1; (2) If g ∈ G then gR = Rg; and (3) If g, h ∈ G then Rgh = Rgh. The second condition implies that each element g induces an automorphism α g of R via gr = α g (r)g; however, in general, the set {α g | g ∈ G} is not a group. Despite this, it will still be convenient to say that G acts on R, and to use standard group-theoretic terminology. The third condition implies that there exists a map τ : G × G → U (R) such that gh = τ (g, h)gh. A skew group ring is the special case where τ (g, h) = 1 for all g, h ∈ G.
Later we will wish to restrict attention to so-called X-outer automorphisms, and to define this we need to recall another definition. Let R be a prime ring. The symmetric Martindale ring of quotients of R is the ring extension Q s (R) uniquely determined by the following properties:
(1) If q ∈ Q s (R) then there exist nonzero ideals I, J of R such that Iq, qJ ⊆ R; (2) Let q ∈ Q s (R) and let I be a nonzero ideal of R. If either Iq = 0 or qI = 0 then q = 0; (3) Let I, J be nonzero ideals of R and let f : R I → R R and g : J R → R R be module homomorphisms satisfying f (a)b = ag(b) for all a ∈ I and b ∈ J. Then there exists q ∈ Q s (R) such that f (a) = aq and g(b) = qb for all a ∈ I and b ∈ J. We remark that, in the case of a prime PI ring, Q s (R) is obtained by inverting the nonzero central elements of R, see [Pas89, Theorem 23.4] .
We can now define what we mean by X-inner and X-outer automorphisms. An automorphism of a prime ring R is said to be X-inner if it is equal to conjugation by an element of Q s (R), and it is called X-outer otherwise. If a group G acts on a prime ring R, we write G X-inn for the subgroup of G consisting of elements which act as X-inner automorphisms. The action is said to be X-outer if G X-inn is trivial.
Given a semiprime noetherian ring R, write Q(R) for its Goldie quotient ring. Then R is said to be a maximal order if there exists no order R ′ with R ⊂ R ′ ⊆ Q(R) and with aR ′ b ⊆ R for some nonzero a, b ∈ R. This should be viewed as a noncommutative analogue of a noetherian domain being integrally closed, see [MR01, Proposition 5.1.3].
We have the following equivalent characterisations of the property of being a maximal order. One of these characterisations appears in [Mar95, Lemma 2.1] but without proof, so we provide one. We recall that for a nonzero ideal I of R, we write
Lemma 2.3 (Martin). Let R be a prime Noetherian ring. Then the following are equivalent:
(1) R is a maximal order; (2) End R (I) = R for all nonzero ideals I of R; and (3) End R (p) = R for all nonzero prime ideals p of R.
Proof. Throughout write Q = Q(R). The equivalence of (1) and (2) is well-known and true under weaker hypotheses, see [MR01, Proposition 5.1.4]. It is clear that (2) implies (3), so it remains to show the reverse implication. Suppose that (2) does not hold. By the noetherian hypothesis, choose an ideal I maximal among those ideals satisfying R End R (I) ⊆ Q. We claim that I is prime. Seeking a contradiction, suppose this is not the case, so there exist ideals J, K I with JK ⊆ I; without loss of generality, we may assume that J, K I. Set H = {r ∈ R | rK ⊆ I}, so that H is an ideal of R with H ⊇ J I. Note that if h ∈ H and q ∈ End R (I) then
so that qh ∈ End R (K). By the maximality hypothesis on I, we have End R (K) = R, so qh ∈ R. But (2.4) also shows that qhK ⊆ I, so that qh ∈ H by the definition of H and hence q ∈ End R (H). Therefore H is an ideal of R with H I and R ⊂ End R (I) ⊆ End R (H) ⊆ Q, contradicting our choice of I, and so I must be prime. Thus conditions (2) and (3) are equivalent.
Finally, we define some ring-theoretic and homological notions. A ring R is said to be Gorenstein if it is noetherian and both i.dim R R and i.dim R R are finite. By [Zak69, Lemma A], our hypotheses imply that these two values coincide, and we call this common value the (injective) dimension of R. For an R-module M , the grade of M is defined to be
If R is a Gorenstein ring of finite GK dimension, then it is said to be (GK-)Cohen-Macaulay (CM) if GKdim M + j(M ) = GKdim R for all finitely generated left and right modules M .
2.2. Quantum Kleinian singularities. In [CKWZ14] , the authors classified all pairs (A, G), where A is an AS-regular algebra of global dimension 2 generated in degree 1, and G is a finite group acting faithfully on A and with trivial homological determinant. (In fact, the authors proved a slightly stronger result concerning Hopf actions, but in the present context we focus only on the group case.) While we do not give a precise definition of this last term, we remark that if G is a finite subgroup of GL(n, C) acting on C[x 1 , . . . , x n ] with trivial homological determinant, then G is in fact a finite subgroup of SL(n, C); see [CKWZ16a, pp. 6 ]. The classification is as follows: Observe that this classification includes the case of finite subgroups of SL(2, k) acting on a polynomial ring in two variables. We will often refer to case (0) as the classical case, and the remaining cases as the quantum cases. For case (0), we refer to the rings A G as classical Kleinian singularities, and following [CKWZ16a] , for the remaining cases we call the rings A G quantum Kleinian singularities. Henceforth, when we say that A G is a quantum Kleinian singularity, we mean that the pair (A, G) is a pair from cases (i)-(iv) of Table 1 . We will not consider case (0) for the remainder of this paper, other than to draw comparisons between it and the quantum cases.
We briefly explain the notation and how the groups act. The algebras k q [u, v] (where q ∈ k × ) and k J [u, v] are, respectively, the quantum plane and Jordan plane, and have presentations
These algebras are both noetherian domains of global dimension 2, and may be thought of as noncommutative analogues of k [u, v] .
The groups C n , S 2 , and D n are, respectively, the cyclic group of order n, the symmetric group on two letters, and the dihedral group of order 2n (obviously S 2 ∼ = C 2 , but our choice of notation will become clear soon). We will frequently make use of the abstract presentations
Throughout the remainder of this paper, given a quantum Kleinian singularity A G , g will denote an element of order n (where n is to determined from context) and h will denote an element of order 2. These elements will act on u, v ∈ A via
where ω is a primitive nth root of unity. One can verify that these give rise to well-defined actions of the groups from Table 1 on the corresponding algebras.
3. Azumaya crossed products with an X-outer action
In this section, we prove Theorem 1.1 from the introduction, and provide an example which demonstrates an approach we will use in later sections. Suppose that A * G is a crossed product where G is a finite group acting X-outer on A. Unsurprisingly, a necessary condition to ensure that A * G is Azumaya is that A is itself Azumaya. Additionally, since properties of an Azumaya algebra A are closely related to the geometry of Spec Z(A), one should expect the action of G on the points of Spec Z(A) to influence whether A * G is Azumaya. This is the case, as we will see in Theorem 3.3.
We first determine the centre Z(A * G) of A * G, which is relatively straightforward.
Lemma 3.1. Consider a crossed product T := A * G, where A is prime and G is a finite group.
Suppose that the action of
Proof. The inclusion Z(A) G ⊆ Z(A * G) is easy to establish and holds without the X-outer hypothesis, so we now show the reverse inclusion. So suppose that g∈G c g g ∈ Z(A * G). Then, for any b ∈ A we have
This forces c g α g (b) = bc g for each g ∈ G and each b ∈ A. In particular c g is a normal element of A, and so if it were nonzero then it would be an element of Q s (A) by [Pas87, Lemma 2.1 (ii)]. Since α g acts X-outer when g = e by hypothesis, this forces c g = 0 for all g = e. Therefore we must have Z(A * G) ⊆ Z(A), so now consider some a ∈ Z(A * G) ⊆ Z(A). Then, for any g we have ag = ga = α g (a)g, which means that a lies in Z(A)
G . This gives the claimed equality.
We also need the following lemma:
Lemma 3.2. Let R be a commutative finitely generated k-algebra which is a domain. Suppose that G is a finite group acting k-linearly and freely on R; that is, the stabiliser of every maximal
Proof. Let m ∈ MaxSpec R G . It is straightforward to check that mR is a G-stable ideal of R, so it remains to verify that it is maximal among all such ideals. Since k is algebraically closed, there is a one-to-one correspondence between orbits of points in Spec R and G-maximal ideals of R, and by our hypothesis on maximal ideals, these orbits have size |G|. Since Spec R/mR is a G-stable subvariety of Spec R, if we show that it has dimension |G| over k then it follows that mR is a G-maximal ideal.
To this end, consider the natural morphism π : Spec R → Spec R G coming from the inclusion i : R G ֒→ R. Since G is finite, the action of G on Spec R is closed, and so [Mum65, Amplification 1.3] tells us that (Spec R G , π) is a geometric quotient of R. By [Mum65, Proposition 0.9], it follows that π is flat and finite. Therefore π is a flat, finite, dominant morphism between integral schemes, and so writing p = Spec R G /m, we have |π 
and so | Spec R/mR| = |G|. By the preceding paragraph, it now follows that mR is a G-maximal ideal of R.
Theorem 3.3. Consider a crossed product T := A * G, where A is a prime noetherian k-algebra and where G is a finite group. Suppose that the action of G on A is X-outer, and that G acts as a group of k-linear automorphisms on Z(A). Then T is prime noetherian. Moreover, T is Azumaya if and only if (1) A is Azumaya; and (2) G acts freely on Z(A); that is, the stabiliser of every maximal ideal of Z(A) is trivial. If T is Azumaya, then the ranks of A and T satisfy rank T = |G|
2 rank A.
Proof. First note that T is prime by [Pas89, Corollary 12.6] and noetherian by [MR01, Lemma 1.5.1], and that Z(A) is a domain since A is prime, and is noetherian by [MR01, 13.7.10] since A is Azumaya and noetherian. Throughout this proof, we will be concerned with maximal ideals lying in a number of different rings: it will be our convention to write m, n, and M for maximal ideals in Z(T ), Z(A), and T , respectively.
(⇒) Assume that T is Azumaya. Since G acts X-outer, Z(T ) = Z(A) G ⊆ A by Lemma 3.1. Therefore, [Car05, Proposition 2.4] implies that A is a separable extension of Z(A) G . We then have a chain of inclusions Z(A) G ⊆ Z(A) ⊆ A, and so A is a separable extension of Z(A) by [HS66, Proposition 2.5]; that is, A is Azumaya.
It remains to show that (2) holds, and that if rank T = r 2 then rank A = (r/|G|) 2 . We establish these simultaneously. We claim that a maximal ideal n of Z(A) has trivial stabiliser if and
which is the intersection of
and then intersecting down with A
shows that
Since n ′ is G-stable and T is Azumaya of rank r 2 , we have
and so dim k A/n ′ A = r 2 /|G|. Now, since A is Azumaya, there is some ℓ ∈ N such that A/(g·n)A ∼ = M ℓ (k) for each g ∈ G. Then, since n ′ A is the intersection of |G|/| Stab G (n)| maximal ideals of A, the Chinese Remainder Theorem implies that
so that, taking dimensions on both sides,
Therefore n has trivial stabiliser if and only if ℓ 2 = r 2 /|G| 2 , which happens if and only if dim k A/nA = (r/|G|) 2 , as claimed. It follows that if we can find a single maximal ideal of Z(A) with trivial stabiliser then A has rank (r/|G|) 2 , and since A is Azumaya, this will imply that every maximal ideal of Z(A) has trivial stabiliser.
To this end, write X = Spec Z(A), which is an irreducible affine variety. Since G acts X-outer it acts faithfully on Z(A), so if g ∈ G is not the identity, then {x ∈ X | g · x = x} is a proper subvariety of X and so has strictly smaller dimension than X. But X is irreducible and so cannot be a finite union of subvarieties of strictly smaller dimension, and so some point of X lies outside of g∈G {x ∈ X | g · x = x}. That is, there exists some maximal ideal of Z(A) having trivial stabiliser, completing the proof of necessity.
(⇐) Now suppose that (1) and (2) both hold. Seeking to prove that T is Azumaya, first note that by Lemma 3.1, we have Z(T ) = Z(A) G . Let m be a maximal ideal of Z(T ). Then, since Z(A) is a noetherian domain and the stabiliser of every maximal ideal of Z(A) is trivial, Lemma 3.2 implies that mZ(A) is a G-maximal ideal of Z(A). By the Azumaya property of A, we find that mA is a G-maximal ideal of A. Let Q be a prime of A minimal over mA; necessarily Q is a maximal ideal of A, and so by hypothesis Stab G Q = {e}. Since
is prime, [Pas89, Corollary 14.8] implies that (A/mA) * G is prime, and hence mT is a prime ideal of T . We claim that mT is in fact maximal. So suppose that I is a prime ideal of T with mT ⊆ I. Intersecting down with A we find that mA ⊆ I ∩ A, where I ∩ A is a G-stable ideal of A, and so G-maximality of mA forces mA = I ∩ A. By [Pas89, Theorem 14.7], such prime ideals I are in one-to-one correspondence with primes J of A * Stab G Q = A with J ∩ A = Q. This forces J = Q, and so there is only one prime I with mT ⊆ I. Since mT is prime, this forces mT = I, and so mT is a maximal ideal of T . Now let M be a maximal ideal of T , and write m = M ∩ Z(T ). By [BG12, Lemma III.1.5], m is a maximal ideal of Z(T ), and moreover it satisfies mT ⊆ M . By the previous paragraph, mT is a maximal ideal of T , and so mT = M .
Since T is prime, we use the Artin-Procesi Theorem to show that T is Azumaya, and it suffices to show that T is PI and that every maximal ideal M of T satisfies (M ∩Z(T ))T = M , see [BG12, Theorem III.1.6]. To see the first of these, note that we have a chain of inclusions
where each term is module-finite over the preceding term: indeed, since Z(A) is a noetherian domain we find that Z(A) is finite over Z(A) G by [LW12, Proposition 5.4], while A is finite over Z(A) since A is Azumaya, and T is finite over A by definition. Therefore T is PI by [MR01, Corollary 13.1.13 (iii)]. Finally, the preceding paragraph shows that every maximal ideal M of T satisfies (M ∩ Z(T ))T = M , and so T is Azumaya.
Note that in the special case where A * G = A#G is a skew group ring, the condition that G acts as a group on Z(A) is automatically satisfied. Moreover, if A is commutative then the action is automatically X-outer, and so we obtain the statement of Corollary 1.2.
We now give an example of an application of Theorem 3.3. This demonstrates an approach which we will use in Section 5 to analyse skew group rings coming from quantum Kleinian singularities.
, which is clearly a prime noetherian Azumaya algebra.
Observe that a maximal ideal u − a, v − b of Z(A) = A has nontrivial stabiliser if and only if a = b; in particular, the action is not free, and so Theorem 3.3 tells us that T = A#G is not Azumaya. Indeed, the maximal ideal
where Π(A 2 ) is the preprojective algebra of an A 2 Dynkin quiver, so that mT is not even prime when α 2 = 4β. However, if we replace A by
This example demonstrates a strategy that we will utilise frequently in Section 5. It will often be the case that a generic maximal ideal of the centre of A has trivial stabiliser, and we can remove those that do not by localising A at a suitable subset of Z(A). The new algebra A ′ and the group G will then meet the hypothesis of Theorem 3.3, and so A ′ #G will be Azumaya.
Azumaya skew group algebras where a cyclic group acts inner
We now work towards proving Theorem 1.3, before providing an application to motivate this result. Let G be a cyclic group acting inner on an algebra A. As in the previous section, one would expect that A must necessarily be Azumaya to ensure that A#G is Azumaya. Under our hypotheses, this turns out to be both necessary and sufficient.
We begin with a lemma that determines the centre of such a skew group ring.
Lemma 4.1. Suppose that G = g | g n acts inner on A, so there exists a unit η ∈ A such that
Proof. First observe that if z ∈ Z(A), a ∈ A and g i ∈ C n then
For the reverse inclusion, consider any element x = n−1 i=0 a i g i ∈ Z(A#G). Then for any b ∈ A we have
and so ba i = a i η i bη −i for each i. Equivalently, ba i η i = a i η i b for each i and for each b ∈ A, and so each a i η i lies in Z(A). Therefore
as required.
We can now prove the main result of this section:
Theorem 4.2. Let A be a prime k-algebra and let G = g | g n be a cyclic group acting inner on A, so there exists a unit η ∈ A such that g i · a = η i aη −i for all a ∈ A. Suppose also that T = A#G is prime. Then A is Azumaya if and only if T is Azumaya, and in this case they have the same rank.
Proof. (⇒) Assume that A is Azumaya of rank d
2 . First observe that T is PI: indeed, A is necessarily module-finite over its centre, and since
where (η −1 g) n = η −n , it follows that T is also module-finite over its centre, which implies that T is PI by [MR01, Corollary 13.1.13 (iii)]. Therefore, by Lemma 2.2 it suffices to show that
To This map is well-defined in the sense that it does not depend on the choice of the preimage of
The map θ is also clearly a ring homomorphism, and we claim that it is surjective. To this end, let
Since k is algebraically closed and A is a finitely generated k-algebra, m contains an element of the form η −1 g − λ, where λ ∈ k. By replacing each instance of g in t by (g − λη) + λη and noting that g and λη commute, we can write
and therefore π is surjective. Since B is simple and θ is not the zero map, ker θ is trivial, and hence θ is an isomorphism. Therefore T /mT ∼ = B ∼ = M d (k), as required.
(⇐) For the converse, suppose that T is Azumaya of rank d 2 . Since T is PI of PI degree d, A is PI and PIdeg A d. Using Lemma 2.2, it suffices to show that if m is a maximal ideal of Z(A) then A/mA ∼ = M d (k), since this will force PIdeg A = d. So let m ∈ MaxSpec Z(A). Now, Z(A) and
which is easily checked to be a surjective ring homomorphism. It is clear that m ′ T ⊆ ker φ, so we get a well-defined surjection φ :
are central elements of T := A#G which satisfy xy = 0. Therefore xT y = xyT = 0 and so T is not prime.
Example 4.4. We provide an application of Theorem 4.2 which will be generalised in Section 5.
and G = C 2 , where the generator g acts via g · u = −u, g · v = −v. This is an inner action, since g acts as conjugation by (uv) −1 . We claim that A#G is Azumaya; since A is Azumaya, by Theorem 4.2 we only need to show that A#G is prime.
By [GW04, Lemma 6.17], it suffices to show that Q(A#G) 
, it is also irreducible over k(u 2 , v 2 )[t] by Gauss's Lemma. Therefore Z(k −1 (u, v)#G) is a field, which implies that A#G is prime.
To close this example, note that k −1 [u ±1 , v] is not Azumaya, but one can show that the skew group ring k −1 [u ±1 , v]#C 2 is Azumaya. This does not contradict Theorem 4.2, since in this case the action is not inner, as v is not invertible.
Examples coming from quantum Kleinian singularities
We now apply the results of the previous two sections to some examples. For each quantum Kleinian singularity A G , the ring A is not Azumaya, so to use our results to show that A#G is Azumaya we must first localise A at an appropriate Ore set. Moreover, when we seek to apply Theorem 3.3, it is often the case that the action does not act freely on Z(A), and so in these cases we localise A again to remove any maximal ideals with nontrivial stabiliser, as in Example 3.4.
To be able to apply the results in the previous sections, we require a number of properties of the skew group rings A#G, which we collect in Lemma 5.2. In particular, we show that these rings are prime, a property which is already known and follows from [BHZ16, Lemma 3.10] and the fact that Auslander's Theorem holds in this setting. However, we wish to give an alternative proof of Auslander's Theorem, and so we cannot appeal to this result.
We first determine the symmetric Martindale ring of quotients of the Jordan plane. Lemma 5.2. Let A G be a quantum Kleinian singularity. Then T := A#G is a prime noetherian finitely generated k-algebra which is Cohen-Macaulay and of GK dimension 2.
Proof. The fact that
Proof. The only property that does not immediately follow from results in the literature is that T is prime, so we establish the other properties first.
We first consider case (i). By [BW99, Proposition 2.2], every X-inner automorphism of A is given by conjugation by a monomial in u and v. In particular, if q is not a root of unity, then G X-inn is trivial, whence the result. So assume that q has order k and write ℓ = lcm(n, k). If g i acts X-inner, say as conjugation by some monomial f ∈ k q (u, v), then since u k is central we have
Therefore ik ∈ nZ, so that i
is prime, and by [GW04, Lemma 6.17] it suffices to show that
−ℓ/n , by Lemma 4.1 we have
, and so Gauss's Lemma implies that it is also irreducible over
is a field, and hence so too is Z(k q (u, v)# g ℓ/k ), from which it follows that T is prime. Now consider case (ii). Since the action of the generator of S 2 interchanges u and v, it quickly follows from degree considerations that G X-inn is trivial, and so T is prime since
For case (iii), the analysis in the previous two paragraphs shows that
if n is even
if n is odd .
In either case, we already know that A#G X-inn is prime, and so T is prime. Finally, consider case (iv). Since
, every X-inner automorphism is given by conjugation by a power of u. But
and so G X-inn is trivial, from which it follows that T is prime.
We now show that, for case (i) when q is a root of unity, a suitable localisation of A#G = k q [u, v]#C n is Azumaya. Since A is not Azumaya, we instead consider
, which is prime since T is prime. By combining Theorems 3.3 and 4.2, we now show that T ′ is Azumaya.
Proposition 5.3. Suppose that q is a kth root of unity. Then the algebra T
Proof. Throughout the proof, it will be convenient to write ℓ = lcm(n, k). We also let ε be a primitive ℓth root of unity, so that we may as well assume that ω = ε ℓ/n and q = ε ℓ/k . Note that g ℓ/k acts inner on A ′ , since
−ℓ/n and so the subgroup g ℓ/k acts inner on A ′ . By Lemma 5.2, A# g ℓ/k is prime, and hence so too is the localisation
.9] we may define an isomorphism
When defining this isomorphism, we think of C ℓ/k as the group σ | σ ℓ/k and write C ℓ/k = {σ i | 0 i < ℓ/k}, where σ i = g i . The induced automorphisms of A ′ # g ℓ/k are given by
We wish to apply Theorem 3.3 to show that (A ′ # g ℓ/k ) * C ℓ/k is Azumaya. We first show that the action of C ℓ/k on R := A ′ # g ℓ/k is X-outer, so suppose that α σ r acts as conjugation by an element of Q s (R). Since R is prime and PI, Q s (R) = R(Z(R) × ) −1 . Moreover, since central elements do not affect the result when conjugating, we can assume that α σ r is given by conjugation by an element of the form t λ t u it v jt g mtℓ/k , where i t , j t , m t ∈ Z and λ t ∈ k. We therefore have
Therefore, for each t we require
nk − r ℓ n ∈ ℓZ. This forces j t + m t ℓ n − r k n ∈ kZ, and so necessarily r k n = r k/ gcd(n,k) n/ gcd(n,k) is an integer. Since k/ gcd(n, k) and n/ gcd(n, k) are coprime, we must then have r ∈ n gcd(n,k) Z = ℓ k Z. But 0 r < ℓ/k so r = 0, which means that the induced action is X-outer.
We must also show that C ℓ/k acts as a group on
Note that the action of α σ i on the generators u k and (uv) −ℓ/n g ℓ/k of the centre (where here 0 i < ℓ/k) is given by
and so α e is the identity, and α σ i α σ j and α σ i+j mod ℓ/k give rise to the same automorphism of Z(R).
Finally, we need to show that Stab C ℓ/k (m) is trivial for each m ∈ MaxSpec Z(R). Note that m has form
where α = 0 = β. Therefore, to show that any such ideal has trivial stabiliser, it suffices to show that if 0 r < ℓ/k and α σ r (u k ) = u k , then r = 0. If α σ r (u k ) = u k , then ε rℓk/n = 1, and so we require rk n ∈ Z. But, as before in the proof, this forces r ∈ ℓ k Z and hence r = 0, and so every maximal ideal has trivial stabiliser. Applying Theorem 3.3, we find that
is Azumaya, and hence so too is T ′ .
We now consider case (ii). It is easy to show that the action in this case is X-outer, and so we wish to apply Theorem 3.3. As with case (i), we replace A = k −1 [u, v] by the Azumaya algebra
]. We will also need to localise a second time to ensure that every maximal ideal of the centre has trivial stabiliser, as in Example 3.4.
Proof. Seeking to apply Theorem 3.3, first note that A ′ is a prime noetherian k-algebra which is Azumaya. Localisation preserves these properties, so the same is true of A ′′ . Since the generator of S 2 interchanges u and v, degree considerations imply that the action is X-outer, so it remains to show that G acts freely on MaxSpec Z(A ′′ ). Now, using the fact that
for a noetherian ring R and a multiplicative set X of regular elements contained in Z(R), we find that The final case we consider is case (iii). When showing that a suitable localisation of A#G is Azumaya in these cases, the set at which we localise depends on the parity of n, so we consider two separate cases. We first consider the case when n is odd, since this is easier due to the action being X-outer.
The maximal ideals of Z(A

Proposition 5.5. Suppose that n is odd, and let
Proof. We check that the hypotheses of Theorem 3.3 are met. Firstly, as in the proof of Proposition 5.3, the nontrivial rotations g i act X-outer since the order of q = −1 is coprime to n, and each of the reflections g i h acts X-outer by degree considerations. Moreover, A ′′ is a prime noetherian Azumaya k-algebra, so it remains to check that G acts freely on maximal ideals of Z(A ′′ ). These are in one-to-one correspondence with the maximal ideals of Z(A ′ ) which do not contain u 
m do not give rise to maximal ideals of Z(A ′′ ). Therefore the stabiliser of every maximal ideal of Z(A ′′ ) is trivial, and so Theorem 3.3 tells us that T ′′ is Azumaya.
We now assume that n is even, in which case the action is not X-outer, and so we have to combine Theorems 3.3 and 4.2 as in the proof of Proposition 5.3.
Proposition 5.6. Suppose that n is even, and let
Proof. Write m = n/2. First note that we have an isomorphism
where, as shown in the proof of Proposition 5.3, A ′ # g m is a prime noetherian Azumaya algebra with centre
, and our copy of the set D m inside T ′ is given by σ i τ j = g i h j . Tracing through this isomorphism, one finds that the induced automorphisms of A ′ # g m are given by
The same argument as in the proof of Proposition 5.3 shows that each of these automorphisms is X-outer. Moreover, the restrictions of the above automorphisms to Z are given by
which is a group action. Finally, if m = u 2 −α, v 2 −β, uvg−γ , where α = 0 = β and αβ+γ 2 = 0, is a maximal ideal of Z, then
which in either case is not equal to m unless i = 0 = j. Therefore D m acts freely on
Quantum Kleinian singularities are maximal orders
As discussed in the introduction, our motivation for proving the results in the preceding sections was to prove the following result:
Theorem 6.1. Suppose that A G is a quantum Kleinian singularity. Then A#G is a maximal order.
The above can be viewed as analogue of a result in [CBH98, Lemma 1.3], where they prove the result for case (0) by appealing to [Mar95, Theorem 4.6], which requires A to be commutative and so does not apply in our setting. On the other hand, [Mar95, Theorem 3.13] allows one to show that skew group rings of certain noncommutative rings are maximal orders, but this also requires the action to be X-outer, which is frequently not the case for the algebras of interest to us. Instead, we developed a case-by-case approach which uses the results of the previous sections. As an immediate corollary, we have the following: 
Suppose also that the following two conditions hold:
(1) A is a maximal order in its quotient ring; and (2) pT ∈ Spec T for all p ∈ Ω. Then T is a prime maximal order.
It will turn out that the above result is of limited use to us, since our actions are frequently not X-outer. Instead, we will use Lemma 2.3 and the following result to show that the rings T = A#G are maximal orders.
Lemma 6.4. Let T be a finitely generated prime noetherian PI k-algebra which is CohenMacaulay and of GK dimension d. Then the (classical) Krull dimension of T is d and O ℓ (P ) = T = O r (P ) for every prime ideal P of T with ht P 2.
Proof. That cl.Kdim = d under these hypotheses is well-known; see [KL00, Theorem 10.10]. If P is a height r prime of T with r 2, then T /P is a finitely generated prime PI algebra and so by [KL00, Theorem 10.10], we find that GKdim T /P = cl.Kdim T /P = d − r. Now, applying the functor Hom T (−, T ) to the short exact sequence of right T -modules
we obtain the following portion of a long exact sequence:
By the Cohen-Macaulay property of T , the grade of T /P satisfies
In particular, Hom T (T /P, T ) = 0 = Ext 1 T (T /P, T ), and so Hom T (P, T ) = T . Therefore,
and so O ℓ (P ) = End T (P ) = T . The proof that O r (P ) = T is symmetrical.
We now explain why the above is relevant. If A G is a quantum Kleinian singularity, then Lemma 5.2 tells us that T = A#G is a prime noetherian k-algebra which is Cohen-Macaulay. Moreover, other than for case (i) when q is not a root of unity and for case (iv), T is PI since it is finite over its centre. Finally, each such skew group ring is a noetherian finitely generated k-algebra and so by [KL00, Theorem 10.10] its (classical) Krull dimension is equal to its GK dimension, namely 2. Therefore, since Lemma 2.3 tells us that T is a maximal order provided that End T (P T ) = T = End T ( T P ) for all prime ideals P , Lemma 6.4 implies that we only need to check that End T (P ) = T for all height 1 primes P of T = A#G.
We now seek to prove Theorem 6.1 for each case in turn, beginning with the cases where the conditions of Theorem 6.3 are easily verified.
6.2. Proof of Theorem 6.1 for case (iv). That A#G is a maximal order in this case follows relatively quickly from Theorem 6.3 since, as we saw in the proof of Lemma 5.2 the action in this case is X-outer.
is a maximal order, and so condition (1) of Theorem 6.3 is satisfied. Moreover, by by [Irv79b, Theorem 5.2], the only height one prime of k J [u, v] is p = u , which is also reflexive and G-stable. We claim that pT is a prime ideal of T , or equivalently that T /pT is prime. Since p is G-stable, this latter ring is isomorphic to (
, and this ring is simple by [MR01, Proposition 7.8.12]. Thus pT is a prime ideal of T . Therefore condition (2) of Theorem 6.3 holds, so T is a maximal order.
6.3. Proof of Theorem 6.1 for case (i). By the proof of Lemma 5.2, in this case the action is X-outer if and only if q is not a root of unity or when the orders of g and q are coprime. We first consider the former case:
Theorem 6.6. Suppose that q is not a root of unity. Then the algebra
Proof. It is well-known that A = k q [u, v] is a noetherian domain. Moreover, since it is ArtinSchelter regular, it follows from [Sta94, Theorem 2.10] that it is a maximal order, and so condition (1) of Theorem 6.3 is satisfied.
We now show that condition (2) holds. Since q is not a root of unity, by [GW04, Exercise 10P] the height 1 prime ideals of A are u and v . Moreover, these ideals are reflexive and G-stable, so Ω = { u , v }. The same argument as in the proof of Theorem 6.5 shows that both u T and v T are prime ideals of T , so condition (2) of Theorem 6.3 holds. Therefore T is a maximal order.
We now turn our attention to the case where q is a root of unity. Despite the fact that the action is X-outer when the order of q is coprime to n, it is difficult to check condition (2) of Theorem 6.3 in this case. This is due to the fact that k q [u, v] has many more G-prime ideals than when q is not a root of unity, see [Irv79a, §8] . We therefore take advantage of the fact that
Theorem 6.7. Suppose that q is a kth root of unity. Then the algebra
Proof. By the discussion after Lemma 6.4, it suffices to show that O ℓ (P ) = T = O r (P ) for all height 1 primes. So suppose that P has height 1. If P contains u, then since u is a prime ideal of T we have P = u (that u is prime follows from the same argument as in the proof of Theorem 6.6, which does not make use of q having infinite order). Since u is a normal nonzerodivisor, O ℓ (P ) = T . Similarly, if P contains v then P = v is a prime ideal of T and O ℓ (P ) = T . Write
] and T ′ := A ′ #G, both of which are Azumaya by Proposition 5.3. Now let P be a height 1 prime of T which does not contain u or v, so that P corresponds to a height 1 prime P T ′ of T ′ . Since T ′ is Azumaya, there exists a height 1 prime p of Z(T ′ ) such that P T ′ = pT ′ . Writing ℓ = lcm(n, k), it is not difficult to show that
which is a Laurent polynomial ring in two variables and is hence a UFD. Therefore its height 1 primes are principal, and so p = zZ(T ′ ) for some z ∈ Z(T ′ ). Since z is a central nonzerodivisor, we have End T ′ (zT ′ ) = T ′ , and therefore we have a chain of inclusions
It remains to show that this forces End T (P ) = T . To this end, let t ′ ∈ End T (P ) ⊆ T ′ and choose i 0 minimal such that t := (uv) i t ′ ∈ T . We claim that i = 0, forcing t ′ ∈ T . Seeking a contradiction, suppose that i 1; then
Since P u and, as noted previously, u is a prime ideal of T , we find that t ∈ u ; similarly, t ∈ v . Therefore t ∈ u ∩ v = uv , contradicting minimality of i. Hence t ′ ∈ T , and so End T (P ) = T .
It follows that every nonzero prime ideal of P of T satisfies O ℓ (P ) = T , and similarly also satisfies O r (P ) = T . Thus T is a maximal order.
We will use the same approach as in the above proof to show that T = A#G is a maximal order in cases (ii) and (iii). As before, it suffices to show that End T (P ) = T for all height 1 primes, which we show to be true for a few carefully chosen primes. These primes are chosen so that when we invert powers of their generators, the resulting algebra T ′ is Azumaya. We then show that Z(T ′ ) is a UFD, which will allow us to deduce that T ⊆ End T (P ) ⊆ T ′ for all remaining primes P . Finally, we argue that necessarily End T (P ) = T .
It turns out that we must work harder to prove Theorem 6.1 for the remaining two cases, mainly because it is more difficult to show that our carefully selected primes are in fact prime. Moreover, showing that the centres of our Azumaya skew group algebras are UFDs is more involved.
6.4. Proof of Theorem 6.1 for case (ii). We have already seen that the action is X-outer in this case, but again Theorem 6.3 is difficult to apply for the same reasons as for case (i). Recall that, by Proposition 5.4, T ′′ := A ′′ #S 2 is Azumaya, where
and G = S 2 = h throughout this subsection, where h·u = v, h·v = u. We will need the following result:
Proof. We first consider uv . Since this ideal is G-stable, it suffices to show that the quotient T / uv ∼ = (k −1 [u, v]/ uv )#S 2 is prime. Equivalently, by [GW04, Lemma 6 .17], we show that its classical quotient ring
Tracing through this isomorphism, we find that the corresponding S 2 -action is given by
and so we wish to show that k(u) × k(v) #S 2 is simple. By [Öin14, Theorem 1.2 (c)], it suffices to show that k(u) × k(v) is G-simple, and that the centre of k(u) × k(v) #S 2 is a field. For the first of these, let I be a nonzero G-stable ideal of k(u)×k(v), and let 0 = (f 1 (u), f 2 (v)) ∈ I, where, acting by h if necessary and using G-stability, we may assume that f 1 (u) = 0. Multiplying by (f 1 (u) −1 , 0), we find that (1, 0) ∈ I, and then acting by h shows that (0, 1) ∈ I, so that (1, 1) ∈ I and hence I = k(u) × k(v). Therefore, k(u) × k(v) is G-simple. By Lemma 3.1, the centre of
S2 , which is easily seen to be
and this is clearly a field. Therefore k(u) × k(v) #S 2 is simple, and hence (k −1 [u, v]/ uv )#S 2 is prime, which shows that uv is a prime ideal of T . We now show that u 2 − v 2 is a prime ideal of T . As before, it suffices to show that the
We first claim that we have an isomorphism
with an appropriate action of S 2 on M 2 (k(t)). To this end, define an algebra homomorphism
where i 2 = −1, which is easily checked to be well-defined. Since
]) are both free modules of rank 4 over R :
] respectively, we see that φ is an isomorphism. Chasing through the definition of φ, one can verify that it is an isomorphism of S 2 -modules provided that we define h · e 11 = e 22 , h · e 12 = −ite 21 , h · e 21 = it −1 e 12 , h · e 22 = e 11 , h · t = t.
With this action, we therefore have a chain of isomorphisms
By direct calculation, one can verify that the centre of M 2 (k(t))#S 2 is
This is a field because the map
gives rise to an isomorphism Z ∼ = k(t)[x]/ x 2 + it , where the right hand side is a field. Additionally, M 2 (k(t)) is simple and therefore, by [Öin14, Theorem 1.2 (c)], it follows that M 2 (k(t))#S 2 is simple. Hence u 2 − v 2 is a prime ideal of T , as claimed.
Theorem 6.9. The algebra
Proof. As in the proof of Theorem 6.7, it suffices show that O ℓ (P ) = T = O r (P ) for all height 1 primes. So suppose that P has height 1. We first remark that u = v is not a prime ideal of T , since the quotient of T by this ideal is isomorphic to kS 2 , which is not prime. If P contains u 2 − v 2 , then by Lemma 6.8 P = u 2 − v 2 , and since u 2 − v 2 is a normal nonzerodivisor, we have O ℓ (P ) = T in this case. Similarly, using Lemma 6.8 again, if P contains uv then P = uv and O ℓ (P ) = T . Now let P be a height 1 prime of T not containing u 2 − v 2 or uv, so that P corresponds to a height 1 prime P T ′′ of
As established in Proposition 5.4, T ′′ is Azumaya, so there exists a height 1 prime p of Z(T ′′ ) such that P T ′′ = pT ′′ .
But using the fact that
The last ring is the localisation of a UFD which implies that Z(T ′′ ) is a UFD, and so height 1 primes are principal, which means that p = zZ(T ′′ ) for some z ∈ Z(T ′′ ). Since z is a central nonzerodivisor, we have End T ′′ (zT ′′ ) = T ′′ , and therefore we have a chain of inclusions
It remains to show that this forces End T (P ) = T . To this end, let t ′′ ∈ End T (P ) ⊆ T ′′ and choose i 0 minimal such that t := (uv(u 2 − v 2 )) i t ′′ ∈ T . We claim that i = 0, forcing t ′′ ∈ T . Seeking a contradiction, suppose that i 1; then
Since P uv and, by Lemma 6.8, uv is a prime ideal of T , we find that t ∈ uv ; similarly,
, contradicting minimality of i. Therefore t ′′ ∈ T , and so End T (P ) = T . It follows that every nonzero prime ideal of P of T satisfies O ℓ (P ) = T , and similarly also satisfies O r (P ) = T , and so T is a maximal order.
6.5. Proof of Theorem 6.1 for case (iii). We finally come to what turns out to be the most involved case. Again, we use the same approach as in the proof of Theorem 6.7, but we must first make some preliminary calculations. Most notably, computing the centres of the algebras of interest is quite involved, and so we state these as independent lemmas. Throughout, we write
for the corresponding skew group rings coming from the action of G = D n .
Proposition 6.10. Suppose that n is odd. Then
which is a UFD.
Proof. By the proof of Proposition 5.5, T satisfies the hypotheses of Lemma 3.1. Writing a = u 2 , b = v 2 , we therefore have
where the D n -action on k[a, b] is given by
is a polynomial ring in two variables, and so
,
, where the multiplicative set generated by u 2 v 2 and (u 2n − v 2n ) 2 is contained in Z(T ). With the notation for x and y as above, we have (u 2n − v 2n ) 2 = y 2 − 4x n , and so
This, being the localisation of a UFD, is itself a UFD.
Determining the centre of T ′′ is more involved when n is even, essentially because the action is not X-outer.
Proposition 6.11. Suppose that n is even and write m = n/2. Then
Proof. We first determine the centre of T . As in the proof of Proposition 5.6, we have an isomorphism
Now, 
where ε = ω 2 . Therefore, using Lemma 3.1, we have
We first determine R := k[a, b, c] Dm , where the action is as above. We use Molien's formula [Ben93, Theorem 2.5.2] to work out the Hilbert series of R:
.
In matrix form, the elements of D m and the relevant determinants are as follows:
We therefore have
. Now ( * ) is, by Molien's formula, the Hilbert series of the coordinate ring of an A m−1 singularity, and so is known to equal (
. A routine calculation then shows that
This implies that R has four generators, of degrees 2, 2, m, m + 1, and that there is a single relation of degree 2(m + 1) between these generators. It is easy to check that
are D m -invariants and that
where x, y, and z are as above. Finally, recalling that
Dm where a := u 2 , b := v 2 , c := iuvg m , we find that
where we have set
To determine the centre of T ′′ , observe that we have
where the multiplicative set generated by u 2 v 2 and (u 2n − v 2n ) 2 is contained in Z(T ). Observe also that, with the notation for x, y, z as above, we have
and so
For the final claim, observe that S := Z(T ′′ ) is a localisation of the coordinate ring R of a D m+2 singularity. Write Cl(R) for the divisor class group of R. By Nagata's theorem, the canonical map if m is even R, y, z , x, z + iy (m+1)/2 , xy, z + iy
if m is odd .
But x, y, and z are all invertible in S since
Therefore each of the above ideals gets sent to [S] under φ, and so Cl(S) is trivial, which implies that S is a UFD.
The remainder of the proof of Theorem 6.1 for case (iii) does not depend on the parity of n. We now show that certain ideals of T are prime:
Proof. Since uv is G-stable, we need to show that T / uv ∼ = k −1 [u, v]/ uv #D n is prime. Equivalently, we show that Q(k −1 [u, v]/ uv )#D n is simple, where as in the proof of Proposition 6.8, we have
To show that this latter ring is simple, we show that
follows from the same argument as in the proof of Lemma 6.8, so now let c = 0 i<n,
which implies that f
(1) i0 = 0 for all 1 i < n and that f
(1)
i1 for all 0 i < n. A similar calculation with (0, v) in place of (u, 0) shows that f (2) i0 = 0 for all 1 i < n, and so c = (f (1) 00 , f
(1) 00 ). It follows that C = k(u) × k(v), and so (k(u) × k(v))#D n is simple. Therefore Q(k −1 [u, v]/ uv )#D n is simple, and so uv is a prime ideal of T .
We This allows us to prove that the remaining case is a maximal order, which completes the proof of Theorem 6.1.
Theorem 6.13. The algebra T = k −1 [u, v]#D n in case (iii) is a maximal order.
Proof. Again, we only show that O ℓ (P ) = T for all height 1 primes which, as with Theorem 6.6, will be enough to prove the result. So suppose that P is a height 1 prime. We first remark that u = v is not a prime ideal of T , since the quotient of T by this ideal is isomorphic to kD n , which is not prime. If P contains u 2n − v 2n , then by Lemma 6.12 P = u 2n − v 2n , and since u 2n − v 2n is a normal nonzerodivisor, we have O ℓ (P ) = T in this case. Similarly, using Lemma 6.12 again, if P contains uv then P = uv and O ℓ (P ) = T . Now let P be a height 1 prime of T not containing u 2n − v 2n or uv, so that P corresponds to a height 1 prime P T
−1 ]#D n . As established in Propostions 5.5 and 5.6, T ′′ is Azumaya, and so there exists a height 1 prime p of Z(T ′′ ) such that P T ′′ = pT ′′ . But Z(T ′′ ) is a UFD by Propositions 6.10 and 6.11, so height 1 primes are principal, and so p = zZ(T ′′ ) for some z ∈ Z(T ′′ ). Since z is a central nonzerodivisor, we have End T ′′ (zT ′′ ) = T ′′ , and therefore we have a chain of inclusions T ⊆ End T (P ) ⊆ End T ′′ (P T ′′ ) = End T ′′ (zT ′′ ) = T ′′ .
It remains to show that this forces End T (P ) = T . To this end, let t ′′ ∈ End T (P ) ⊆ T ′′ and choose i 0 minimal such that t := (uv(u 2n − v 2n )) i t ′′ ∈ T . We claim that i = 0, forcing t ′′ ∈ T . Seeking a contradiction, suppose that i 1; then tP ⊆ (uv(u 2n − v 2n )) i t ′′ P ⊆ (uv(u 2n − v 2n )) i P ⊆ uv .
Since P uv and, by Lemma 6.8, uv is a prime ideal of T , we find that t ∈ uv ; similarly, t ∈ u 2n − v 2n . Therefore t ∈ uv ∩ u 2n − v 2n = uv(u 2n − v 2n ) , contradicting minimality of i. Hence t ′′ ∈ T , and so End T (P ) = T . It follows that every nonzero prime ideal of P of T satisfies O ℓ (P ) = T , and similarly also satisfies O r (P ) = T , and so T is a maximal order.
A proof of Auslander's Theorem for quantum Kleinian singularities
Using the fact that, for a quantum Kleinian singularity A G , the algebra A#G is a maximal order, one can show that Auslander's Theorem holds for these algebras. We use the following quite general result:
Lemma 7.1. Let R be a prime Goldie maximal order and let e ∈ R an idempotent. Then End eRe (Re) ∼ = R.
Proof. Since R is prime, we have an embedding of R into End eRe (Re), where each element of R gives rise to an endomorphism via left multiplication. Let Q be the Goldie quotient ring of R. Then, by [Sma68, Theorem 3] , eQe is the Goldie quotient ring of eRe. Since Q is simple, we have QeQ = Q, and we claim that in fact ReQ = Q. Indeed, since QeQ = Q, there exist r i , s i ∈ R and regular elements x i , y i ∈ R such that Since Qe is torsionfree as a right eQe-module, Qe and Re are both torsionfree over eRe. From (7.2) and [GW04, Exercise 7F], we deduce that Qe is the eRe-injective hull of Re. Now consider any f ∈ End eRe (Re), and view it as a map Re → Qe. Since Qe is an injective right eRe-module, f lifts to a morphism f ′ : Qe → Qe, and we claim that this lifting is unique. So suppose that f ′ , f ′′ are two such lifts, and let qe ∈ Qe. By essentially the same proof as that of [Sma68, Lemma 4], there exists a regular element ere ∈ eRe such that qere = qe · ere ∈ Re. Then (f ′ (qe) − f ′′ (qe))ere = f ′ (qere) − f ′′ (qere) = 0.
Since Qe is eRe-torsionfree, this implies that f ′ (qe) = f ′′ (qe), and so f ′ = f ′′ . Thus, given any f ∈ End eRe (Re), we can lift to a unique f ′ ∈ End eRe (Qe), so we get an embedding End eRe (Re) ⊆ End eRe (Qe). We also have End eRe (Qe) = End eQe (Qe) by [GW04, Exercise 10H (b)], where this last endomorphism ring is isomorphic to Q since Q and eQe are Morita equivalent. Therefore we have inclusions R ⊆ End eRe (Re) ⊆ Q. But if q ∈ End eRe (Re) then qe ∈ Re ⊆ R so that End eRe (Re) · e ⊆ R. Therefore R and End eRe (Re) are equivalent orders in Q, and since R is a maximal order, we must have End eRe (Re) = R.
We now use the above lemma to show that Auslander's Theorem holds for the algebras A#G. This result was established in [CKWZ16a, Theorem 4.1] but using very different techniques. We remark that our proof can be adapted to show that Auslander's Theorem holds for PBW deformations of the algebras A#G, which can be defined as in [WW14] . A proof of this result does not appear to be possible using the techniques of [CKWZ16a] . 
